Abstract. We describe modeling of the ''beat'' and "bump" Cepheids, using the new radiative opacities. Discrepancies between these models and the evolutionary tracks for stars of appropriate mass are discussed. Finally, we point out some of the difficulties involving the long-period Cepheid sample with periods greater than 20 days.
Introduction
The study of classical Cepheids offers two arenas where unique information concerning global stellar parameters may be extracted. These are the domains of the ''beat'' and "bump" Cepheids, respectively. The former stars pulsate simultaneously in the fundamental and first overtone modes. A dozen are known in the Galaxy. Their fundamental periods and period ratios lie in the ranges 2 ~ P 0 ~ 6 d and 0.70 ~ P tlPo !5; 0.71. The bump Cepheids are fundamental mode pulsators of middle periods (6!5; Po!5; 18 d) whose light curve (and velocity curve) features change with period in a regular progression. This progression is known to be governed by an accidental resonance in the normal mode spectrum of these stars: P2/PO = 0.50, occurring at a fundamental mode period, Po ".. 10 d (Simon & Schmidt 1976 , Buchler, Moskalik & Kovacs 1990 ).
The effective presence of two modes in both the beat and bump Cepheids provides an extra constraint on models for these pulsators, compared with stars which pulsate in a single mode. However, early attempts to construct such models gave rise to an anomaly: at the observed fundamental periods, the calculated period ratios exceeded the observed ones by a large amount, of the order 0.03 to 0.04. This discrepancy in period ratios could be remedied, but only at an unacceptable cost -the increase of the models' luminosity-to-mass ratio to an extent that seemed in stark conflict with both observational data and the theory of stellar evolution (Cox 1980) . The historical problem of the period ratios lasted for about a quartercentury. It was finally solved naturally with the advent of new radiative opacities whose effect was to modestly increase the fundamental mode periods of the models and thus reduce the period ratios, pushing them into the observed range in both the beat and bump stars. This was shown definitively by Moskalik, Buchler & Marom (1992) in the case of the OPAL opacities (Iglesias & Rogers 1991; Iglesias, Rogers & Wilson 1992) and later by Kanbur & Simon (1994a) for opacities from the Opacity Project (OP; Seaton et al. 1994) . Cepheids: Pulsation, Evolution, Opacity
Luminosity, Mass and Metallicity
With the gross period-ratio discrepancy removed, it now becomes possible to use the beat and bump stars to attempt to nail down global stellar parameters, in particular luminosities and masses. In what follows, we summarize one such effort; details may be found in Simon & Kanbur (1994a) .
Bump Cepheid Models
So far as pulsation models are concerned, the major difference between the old and new opacities is a strong enhancement in the latter, centered near 2.5 x 10 5 K. Because the enhancement is due mainly to iron and other heavy elements, the calculated period ratios exhibit a substantial dependence on metallicity. Table 1 displays a grid of models of 10 d Cepheids, all of which satisfy the resonance condition, P2/PO = 0.50. These models were calculated with OPAL opacities (Iglesias et al. 1992) . At a given effective temperature, the inferred masses and luminosities both increase with the assumed metallicity (see also Moskalik et al. 1992 ). In addition, for fixed metallicity Z there is an increase of mass (generally) and a strong increase of luminosity with increasing temperature of the models. Using the observed colors of 20 stars whose periods lie in the range 9 < Po < 11 d, Simon & Kanbur (1994a) estimated the average temperature for a 10 day Cepheid to be < Teff> = 5500 K. Let us now borrow from the theory of stellar evolution a generic massluminosity relation which we shall write in the form:
Jog L = 4.0 log M + b.
(1)
The slope of this relation is that suggested by Stothers & Chin (1991) for OPAL models on the second crossing of the instability strip. The intercept b emerging from stellar evolution calculations depends both upon metallicity and upon the amount of convective overshoot (see, e.g., Chiosi 1990) one employs in the models. However, we shall determine b independently from pulsation Norman R. Simon 213 theory by using in Equation (1) the values M = 5.62, log L = 355 corresponding to the entries in Table 1 
Note that Equations (2) to (4) reproduce the stellar evolution result that the lower Z models are more luminous at given mass. In addition, the size of the variation Il. log L/ Il.Z agrees crudely with that from the evolutionary models (Stothers & Chin 1991) .
Beat Cepheid Models
We now attempt to model the beat Cepheid stars (details again in Simon & Kanbur 1994a). To illustrate this process, let us choose one of these objects, VX Pup (see Table 2 below). The straight lines represent Equations (2) to (4), drawn in from left to right, respectively. Consistency between stellar evolution (as constrained by the 10 day Cepheids) and the beat Cepheid models requires that any line representing a given Z go through a symbol of the same Z at an acceptable value for the temperature. We shall take the beat Cepheid temperature range to be 6300 K ~ Teff ~ 5700 K. Here the upper limit gives a somewhat generous reach to the fundamental blue edge, while the lower limit is consistent with our adopted temperature for a 10 day Cepheid, < Teff> = 5500 K. Now consider the middle line (small dashes), which corresponds to Z = 0.02. It lies far above the Z = 0.02 models for VX Pup, indicating that this metallicity is too high. On the other hand, the large dashed line (Z = 0.01) intersects a closed triangle (Z = 0.01) at T eff~ 6200 K, thus producing a model for VX Pup that is consistent with both pulsation and evolution. The approximate parameters for this model, read from Cepheids: Pulsation, Evolution, Opacity
, A similar exercise has been performed by Simon & Kanbur (1994a) on each of the dozen galactic beat Cepheids. The inferred Cepheid masses and luminosities were found to range fromM ~4.0M0, log L ~ 3.0 at Po'" 3 d to M~6 M0, log L ~ 3.5 at Po 10 d, where the upper end comes from the study of the bump Cepheid resonance as reported in Section 2.1. The metallicity range inferred among the beat Cepheids is 0.01 ~ Z ~ 0.02. Table 2 lists the periods and period ratios of these stars, along with the approximate inferred metallicities, as follows: high -Z '" 0.02; low -Z '" 0.01; medium -Z '" 0.015. In Figure 3 we plot the crude metallicity versus period ratio, according to the data in Table 2 . Despite the approximate nature of the metallicity determination, we note a clear trend: the period ratio falls as the metallicity rises. This agrees with the result of Andrievsky et al. (1993) who found the same trend, based upon observational values of [Fe/H]. Unfortunately, until pulsation theory succeeds in modeling stable double mode pulsation (see, e. g., Kovacs 1993), the origin of this trend will probably elude explanation.
Pulsation and Evolution

Blue Loops and Short-Period Cepheids
In a recent paper, Stothers and Chin (1994) discuss the ''blue-loop problem". At Z = 0.02, "standard" models calculated with OPAL opacities do not loop back across the instability strip if the mass is less than about 7 Me:>. These models, as exemplified by those of the Geneva Group (Schaller et al. 1992 ) and the Padua Group (Bressan et al. 1993 ) both employ convective core overshooting in Cepheids: Pulsation, Evolution, Opacity (Fagotto et al. 1994) . The conflict between these tracks and the results described in the previous section is clear. The masses we derive for Cepheids with periods from 2 to 10 d range roughly between 4 and 6 M 0 are too small to produce pulsators, according to the discussion above.
Ironically, the culprit here is OPAL itself. In Figure 4 , we reproduce from Bressan et al. (1993) a comparison of two 5 M0 evolutionary tracks, one calculated with OPAL and one with Los Alamos opacities. While the latter track loops into the center of the strip (say, log T eff = 3.75), the former displays a stunted blue loop, at lower luminosity, which remains to the red. However, it should be noted that, as one lowers the metallicity, the situation improves dramatically. At Z = O.OOS, both the Geneva and Padua calculations produce tracks which penetrate the instability strip already at M = 4 M 0 . Thus the standard models may still be able to explain the beat Cepheids of large period ratio, to which we have attributed 'low metallicity. However, for the rest of the beat stars and for the 10 day Cepheids, the problem remains.
While the Geneva and Padua models share the problem of stunted blue loops, there exists in the literature yet another set of calculations which seemingly avoids this contradiction. Figure 5 reproduces a number of evolutionary tracks constructed with the Gottingen Code and published by El Eid (1994) . The calculations had (X, Z) = (0.70, 0.02) and employed the OPAL opacities. One notes for M = 5 M0 a fully developed blue loop which sweeps the entire strip, (say, 3.S ~ log Teff ~ 3.7), at log L ~ 3.0. Fig. 3 . Inferred metallicity vs. period ratio for 12 beat Cepheids. The ordinate is divided crudely into "high", "medium" and "low" (see Table 2 ).
The Gottingen blue loops presented in Figure 5 are nicely described by the equation: log L = 4.0 log M + 020,
a relation which is underluminous by a factor two when compared with Equation (3) for the same metallicity. In fact, if one plots Equation (5) on Figures 1 and 2 , a rather different picture of the beat Cepheids begins to emerge. One can now obtain consistency between pulsation and evolution theory with slightly higher metallicities and substantially larger masses, viz., Z ~ 0.01, M ::: 5 Me for VX Pup and Z ~ 0.02, M ::: 5.5 Me for BK Cen. This pattern of higher masses and metallicities is repeated when one treats the rest of the beat stars, as can be verified by drawing in Equation (5) on the remainder of the luminosity-mass plots given by Simon & Kanbur (1994a) .
The calculations done with the Gottingen code are described in some detail by El Eid (1994). A major difference noted between these calculations Cepheids: Pulsation, Evolution, Opacity Log T. (1993) . The OPAL blue loop fails to penetrate the instability strip, which covers 3.8 S; log Teff S; 3.7.
and the standard ones is that core overshooting was completely neglected in the former. This could account for the lower luminosity of these models as well as for the strengthening of their blue loops. A 5 Me model calculated by Bressan et. al. (1993) without core overshooting also shows these properties. Finally, we note that the El Bid models yield masses and luminosities which largely agree with those determined for the 3.8 d binary Cepheid, SU Cyg (Evans & Bolton 1990 ).
However, a major problem exists with the Gottingen calculations in that Equation (5) cannot produce the bump Cepheid resonance except for Z ~ 0.03. This result, already hinted in Table I , is confirmed by constructing additional linear pulsation models. Thus, while the Gottingen models are successful in matching the beat Cepheid periods by somehow overcoming the blue loop problem, they fail entirely when confronted with the 10 day resonance. On the other hand, the standard models have less trouble with the resonance (although they are still somewhat underluminous; see Simon & Kanbur 1994a ), but are inadequate for the beat Cepheid regime since they do not penetrate the instability strip at masses low enough to give the observed period ratios. A possible way out of this quandary was suggested by Cox (1993) . He showed that models with a low luminosity-to-mass ratio can be made to reproduce the 10-day resonance, by invoking a deep iron line convection zone, occasioned by the higher OPAL (or OP) opacities and appearing in models with masses of 7 or 8 M 0. However, this solution has something of an ad hoc nature and requires that the ratio of mixing length to pressure scale height be adjusted to about 1.5 at M = 7 M 0 and to more than 2.0 at 8 M 0. Furthermore, the suggested scheme has possible implications for the Fourier diagrams (e. g., Simon 1987) of bump Cepheids (since a discontinuity in the P2/PO period ratio is required) and for the question of the relative numbers of Cepheids with different periods in the range centered on 10 days. Clearly the Cox scheme needs to be worked out in much greater detail, over and beyond the handful of models constructed by Cox (1993) to demonstrate the effect.
Blue Loops and Long-Period Cepheids
In a recent compilation of 45 galactic Cepheids with periods exceeding 12 d, Simon & Kanbur (1994b) list 19 stars with periods greater than 20 d. Similarly in Madore's (1985) listing of Cepheids in the Large Magellanic Cloud (LMC), out of 68 stars whose mean V magnitudes equal or exceed 15.0 (corresponding to P ~ 7 d), 35 of them have P ~ 20 d. For the Small Magellanic Cloud (SMC), the corresponding fraction is 31 out of 75 stars (Madore 1985) , here with a minimum period of about 9.5 d. Although selection effects are certainly at work here, it nonetheless seems that long-period Cepheids (say, P ~ 20 d) are not exceedingly rare. Cepheids: Pulsation, Evolution, Opacity On the other hand, the standard Geneva and Padua models have difficulty in accounting for these stars. Figure 6 reproduces from Schaller et al. (1992) the Geneva tracks for Z = 0.02. The crosshatched areas indicate "slow" phases of nuclear burning. Suppose we place the blue edge at log T eft = 3.8 (T eft = 6300 K). This allows an extremely generous blueward extent of the instability strip, particularly at the higher masses and luminosities. For example, at M = 7 Me and log L = 3.8 the LNA code of Aikawa & Simon (1983) gives a blue edge near 5600 K. Even so, at 7 Me the slow nuclear portion of the Geneva track intersects only the hottest half of the strip, say 6300 K ~ T eff ~ 5600 K. For masses exceeding 7 M e, the slow nuclear phases of the blue loops do not coincide with the strip at all! However, at 7 Me with log L = 3.8 (i. e., the standard luminosity), the LNA models show that to produce a period as large as 20 d requires a temperature cooler than 5000 K. This means that the long period Cepheid sample must arise from masses which exceed 7 Me and perhaps reach 10 Me or more at periods> 40 d. Thus, it seems that the Z = 0.02 Geneva models cannot produce the long period stars. At Z = 0.008, the situation is worse, as the slow nuclear domain becomes even bluer (Schaerer et al. 1993 ).
What about the Padua models? At Z = 0.02, they fare better.
Examination of the Bressan et al. (1993) evolution tables shows that slow nuclear burning occurs within the instability strip at both 7 and 9 Me.
The reason for the curtailment of the blue loops in these models as opposed to Geneva is not obvious. However, at Z = 0.008 and 0.004 (the approximate metallicities of the LMC and SMC, respectively), the blue loops increase in extent and the models spend most of their time blueward of the strip. This leaves unexplained the long period Cepheid samples in the Magellanic Clouds.
Future Work
The potential conflicts between evolution and pulsation discussed in the previous section may be summarized briefly as follows:
1) The Geneva and Padua models are somewhat underluminous for matching the bump-Cepheid resonance; this problem is even worse for the El Eid (1994) models;
2) The Geneva, Padua, and El Eid models are all capable of reproducing the beat Cepheid periods, but at the masses required, the Geneva and Padua blue loops are too small and do not penetrate the instability strip, except at the lowest indicated metallicities; the' EI Eid loops do not seem to share this problem;
3) At M > 7 Me, the Geneva and Padua -and probably also the El Eidblue loops are too large, thus failing to account for the long-period Cepheid sample in the LMC and SMC. 60M. Crosshatched regions indicate "slow" phases of nuclear burning.
In a recent investigation, Stothers & Chin (1994) studied the sensitivity of the blue loops to various changes in the physics of the models, including the 12C (a,y) 16 0 reaction rate, the mixing length, and the amount of convective overshooting. Their goal was to produce low mass models (M ::;; 5 Me) that would loop blueward enough to account for the short-period Cepheid sample. The result of this investigation was that all expedients failed except for an increase in the opacity by a factor of about two (in excess of OPAL) in the region around 1 x 1()6 K. Stothers & Chin argue that such an increase might well be obtained by an improved treatment for the most abundant heavy ions.
Whether or not such increases are feasible must, of course, be determined by actual opacity calculations. H real, the opacity increase could entirely eliminate conflict (2) listed above. It might also have a positive impact on conflict (1) by decreasing the calculated period ratios, although experience indicates that an opacity change at a temperature as high as 1()6 K would probably produce an effect that is quite small. Perhaps a somewhat Cepheids: Pulsation, Evolution, Opacity more convective overshooting is needed in the evolutionary models to increase the luminosity-to-mass ratio, although this expedient could have detrimental effects elsewhere (Stothers & Chin 1993) . In addition, a further augmentation of the opacity bump near 2 x lOS K (for example, occasioned by an increase in the iron abundance) could also reduce the period ratios and thus ameliorate conflict (1).
Finally, with regard to conflict (3), the higher mass models need to be slowed down during their passage through the strip. Since the slow nuclear phases correspond to the tip of the blue loop, this requirement effectively means that the blue loops must be truncated enough so that the tip occurs inside the instability strip. A strong test of the tracks for M > 7 M 0 could be made in the LMC by individually matching the observed period and luminosity (with distance modulus 18.5) of each long-period Cepheid with that of a model inside the instability strip and crossing on the slow nuclear time scale.
By eliminating some of the gross discrepancies between evolution and pulsation theory, the new opacities have opened the door to finer comparisons which ought to result in improvements in both areas. We eagerly await such improved models, perhaps in the near future.
